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Abstract. The present work investigates the non-smooth vibration characteristic and time delay 
feedback control of a gear pair system involving backlash and time-varying mesh stiffness. Firstly, 
a gear pair model with backlash non-smooth characteristic is established. Then in combination 
with the discontinuity mapping method, Floquet theory is presented to determine the stability and 
bifurcation of periodic response, and the period doubling bifurcation has been accurately 
predicted. Moreover, the maximal Lyapunov exponent is obtained to determine the chaos state in 
gear pair system which is conform to the bifurcation diagram and Poincare section. Finally, a time 
delay feedback is introduced to control the dynamic behaviors of the system, and numerical 
simulation results show that the system can be effectively controlled from chaotic motion into 
stable periodic motion by increasing the delay feedback gain or delay time. 
Keywords: non-smooth, backlash, bifurcation, chaos, time delay, control. 
1. Introduction 
Gear transmission system plays an irreplaceable role in mechanical systems, and the vibration 
of gear directly affects the performance and reliability of the whole mechanical system. Therefore, 
it has important theoretical and practical value to study the vibration characteristic of gear system. 
Given the complexity, the early researches were mainly built on the basis of linear vibration 
theories without considering nonlinear factors [1]. Subsequently, a kind of linear time-varying 
model (LTV) was established which merely contained time-varying mesh stiffness [2, 3]. As 
researches continue, both the time-varying meshing stiffness and backlash were considered, and 
the dynamic behaviors of the gear transmission system were studied from the view of time 
variation and non-linearity. In [4], a kind of gear pair model which contains both backlash and 
time-varying stiffness was established, and an approximate periodic solution was obtained through 
the multi-scale method. Then Yongjun Shen [5] investigate the nonlinear dynamics of a kind of 
gear pair model which contains backlash and time-varying mesh stiffness through incremental 
harmonic balance method, and the general forms of periodic solutions were given. In [6, 7], a 
survey of nonlinear vibration of gear transmission systems was made, the progress in nonlinear 
dynamics of gear transmission systems in the past twenty years was reviewed, especially nonlinear 
dynamic behavior of the gear system considering the backlash and time-varying mesh stiffness of 
teeth.  
As mentioned above, a mass of valuable researches had been carried out on gear system. But 
they rarely involved the non-smooth dynamics of gear system. Exactly speaking, the gear system 
is a typical system with piecewise properties, which causes by the presence of backlash [8-13]. 
Due to this nonlinear factor, the gear system is no longer a smooth system, and the traditional 
nonlinear analysis method is no longer applicable. During recent years, considerable interest in 
such systems has been seen, particularly applied to piecewise linear systems excited by external 
periodic force [14-19]. In Ref [20], a kind of spur gear pair model including the backlash 
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nonlinearity was established, and forced vibration responses of the gear system were investigated 
through multiple scale method. In Ref. [21], a nonlinear dynamic model of a spur gear pair with 
backlash, time-varying stiffness and static transmission error was established and based on the 
Melnikov analysis the global homoclinic bifurcation and transition to chaos in this model were 
predicted. In Ref. [22], a practical model of gear system had been proposed, and non-feedback 
control method was used to control chaos by applying an additional excitation torque to the driver 
gear. In Ref. [23], A two-degree-of-freedom system with a clearance and subjected to harmonic 
excitation was considered, and two key parameters of the system, the exciting frequency and 
clearance, were emphasized to reveal the influenced of the main factors on dynamic performance 
of the system. At present, the analytical methods about non-smooth dynamical systems are 
relatively limited, and there are few researches about the control method of systems with 
non-smooth characteristic. 
Based on the researches above, the present paper is to investigate the non-smooth vibration 
characteristic and time delay control of gear pair system. Firstly, the gear pair model involving 
backlash, time-varying stiffness and static transmission error is established. Then the stability and 
bifurcation of periodic response is analyzed by the discontinuity mapping method and Floquet 
theory. The maximal Lyapunov exponent and several numerical methods are present to analyze 
the global dynamics of gear pair system. At last, a time delay feedback is introduced to control 
the dynamic behaviors of the system and some numerical simulations are presented to validate the 
control effect. These provide a theoretical basis for design and control of the gear transmission 
system which is widely used in practical engineering. 
2. The non-smooth gear pair system dynamic model with backlash 
The mechanical model of gear pair system involving backlash, time-varying meshing stiffness 
and static transmission error is shown in Fig. 1. 
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Fig. 1. The non-smooth dynamic model 
According to the Newton’s law, the balance equation for the driving wheel and driven wheel 
can be obtained as follows: 
ܫ௣ߠሷ௣ + ܥܴ௣ൣܴ௣ߠሶ௣ − ܴ௚ߠሶ௚ − ሶ݁ሺݐሻ൧ + ݇ሺݐሻܴ௣݂ൣܴ௣ߠ௣ − ܴ௚ߠ௚ − ݁ሺݐሻ൧ = ௣ܶ, (1)
ܫ௚ߠሷ௚ + ܥܴ௚ൣܴ௣ߠሶ௣ − ܴ௚ߠሶ௚ − ሶ݁ሺݐሻ൧ − ݇ሺݐሻܴ௚݂ൣܴ௣ߠ௣ − ܴ௚ߠ௚ − ݁ሺݐሻ൧ = − ௚ܶ, (2)
where ܫ௣ and ܫ௚ are the rotational inertia of drive and driven gears, ߠ௣ and ߠ௚ represent the angular 
displacement of drive and driven gears, ܴ௣ and ܴ௚ are the base radius of drive and driven gears, 
௣ܶ and ௚ܶ represent the input torque and load torque, ݇ሺݐሻ is the time-varying meshing stiffness, 
ܥ is the associated linear damping which neglected its nonlinear properties [20, 24], ݁ሺݐሻ is the 
static transmission error caused by manufacturing. 
In order to investigate the rotational vibration of the gear pair system, let  
ݔ = ܴ௣ߠ௣ − ܴ௚ߠ௚ − ݁ሺݐሻ, then Eq. (1) and Eq. (2) can be transformed as: 
݉௘ݔሷ + ܥݔሶ + ݇ሺݐሻ݂ሺݔሻ = ܨ௔௩ + ܨ௘, (3)
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with ݉௘ = ܫ௣ܫ௚/൫ܫ௚ܴ௣ଶ + ܫ௣ܴ௚ଶ൯, ܨ௔௩ = ݉௘ ∗ ൫ܴ௣ ௣ܶ/ܫ௣ + ܴ௚ ௚ܶ/ܫ௚൯, ܨ௘ = −݉௘ ሷ݁ሺݐሻ and: 
݂ሺݔሻ = ൝
ݔ − ܾ, ݔ ≥ ܾ,
0, |ݔ| ≤ ܾ,
ݔ + ܾ, ݔ ≤ −ܾ,
where 2ܾ represents the total backlash of gear pair model. 
For gear pair system, both the stiffness and the static transmission error quantities can 
approximately be considered as time-periodic functions. In addition, if the tooth to tooth variation 
are neglected, the fundamental frequency of both of these quantities equals the gear meshing 
frequency, which implies that the meshing stiffness and static transmission error are expanded by 
Fourier series only up to the first harmonic term as: ݇ሺݐሻ = ݇଴ + ݇ଵcosሺݓ௛ݐሻ,  
݁ሺݐሻ = ݁௠cosሺݓ௛ݐሻ. 
Next, introduce the parameters as: ݓ଴ = ඥ݇଴/݉௘ , ߞ = ܥ/2ඥ݉௘݇଴ , ݓ = ݓ௛/ݓ଴ , ࣮ = ݓ଴ݐ, 
݇ሺ࣮ሻ =  ݇ሺݐሻ/݇଴ , ߤሺ࣮ሻ = ݔሺݐሻ/ܾ. Then the original equation of motion Eq. (3) can eventually 
be put in a normalized form: 
ߤሷ + 2ߞߤሶ + ݇ሺݐሻ݂ሺߤሻ = ௔݂௩ + ௘݂ݓଶcosሺݓݐሻ. (4)
In Eq. (4), the symbol ࣮ has been replaced by ݐ for simplicity, where, ݇ሺݐሻ = 1 + ݇ଵcosሺݓݐሻ, 
௔݂௩ = ܨ௔௩/ܾ݇଴, ௘݂ = ݁௠/ܾ and: 
݂ሺߤሻ = ൝
ߤ − 1, ߤ ≥ 1,
0, −1 ≤ ߤ ≤ 1,
ߤ + 1, ߤ ≤ −1,
Let ݔଵ = ߤ, ݔଶ = ߤሶ , ݔଷ = ݓݐ, Eq. (4) can be expressed as: 
ቐ
ݔሶଵ = ݔଶ,
ݔሶଶ = −2ߞݔଶ − ሺ1 + ݇ଵ cosݔଷ ሻ ∗ ݂ሺݔଵ ሻ + ௔݂௩ + ௘݂ ݓଶ cosݔଷ,
ݔሶଷ = ݓ,
(5)
where: 
݂ሺݔሻ = ൝
ݔଵ − 1, ݔଵ ≥ 1,
0, −1 ≤ ݔଵ ≤ 1,
ݔଵ + 1, ݔଵ ≤ −1.
Eq. (5) is the dynamical state equation of the non-smooth gear pair system involving backlash, 
time-varying meshing stiffness and static transmission error. Next, we consider external forces 
௔݂௩ as the main parameter to analysis dynamic behaviors of the system. 
3. Stability analysis of periodic solutions 
Since the gear pair system belongs to non-smooth system. The general method can’t deal with 
it thoroughly. Therefore, in combination with the discontinuity mapping method, Floquet theory 
is presented to analyze the stability of periodic solutions in non-smooth system. 
The stability of periodic solutions is governed by the modulus of the largest eigenvalue of the 
monodromy matrix [25], which is the fundamental solution matrix after the period time. The 
monodromy matrix Φ் relates how an infinitely small perturbation ߜݔ଴ of an initial point ݔ଴ on 
the periodic solution causes a final disturbance ߜݔ்  of the end-point ݔ் = ݔ଴  of the periodic 
solution: 
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ߜݔ் = Φ்ߜݔ଴. (6)
The monodromy matrix Φ் = Φሺܶ, 0, ݔ଴ሻ is obtained by integrating the variational equation 
(a matrix differential equation): 
Φሶ ሺݐ, 0, ݔ଴ሻ =
߲݂൫ݐ, ݔሺݐሻ൯
߲ݔ Φሺݐ, 0, ݔ଴ሻ, Φሺ0,0, ݔ଴ሻ = ܫ, (7)
where, ݔሺݐሻ is the periodic solution, ݔሺ0ሻ = ݔ଴ is the initial value. 
However, the vector field of the non-smooth system Eq. (5) is discontinuous on the boundary 
Σ, the crossing of the switching boundary Σ by the solution ݔሺݐሻ at time instance ݐ௣ causes the 
fundamental solution matrix to jump, which we describe by a saltation matrix: 
Φ൫ݐ௣ା, 0, ݔ଴൯ = SΦ൫ݐ௣ି, 0, ݔ଴൯, (8)
where, ܵ is called saltation matrix [26], and in some literatures ܵ is also called the discontinuity 
mapping. The derivation of ܵ is as follows: 
Take a trajectory ݔሺݐሻ such as the one depicted in Fig. 2 and suppose that it intersects the 
separation boundary Σ at some time ݐ௣, and at time ݐ௣̅, the disturbed trajectory ݔ෤ሺݐሻ reaches the 
separation boundary Σ. ߜݔ଴ = ݔ෤଴ − ݔ଴ represents the initial disturbance, ߜݔ௣ି = ݔ෤൫ݐ௣൯ − ݔ൫ݐ௣൯ 
denotes the disturbance when the trajectory ݔሺݐሻ  reaches the switching manifold,  
ߜݔ௣ା = ݔ෤൫ݐ௣̅൯ − ݔ൫ݐ௣̅൯ represents the disturbance when the trajectory ݔ෤ሺݐሻ reaches the separation 
boundary. Then, suppose ߜݔ௣ା = ܵߜݔ௣ି , where ܵ  denotes the correction when the trajectory 
crosses the separation boundary from sub-domain ܸି  to ାܸ. 
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Fig. 2. The discontinuity mapping 
In the form of Taylor series, ߜݔ௣ା can be expressed as: 
ߜݔ௣ା = ݔ෤൫ݐ௣̅൯ − ݔ൫ݐ௣̅൯ ≈ ൫ݔ෤൫ݐ௣൯ + ௣݂ିߜݐ൯ − ൫ݔ൫ݐ௣൯ + ௣݂ାߜݐ൯
      ≈ ቀݔ෤൫ݐ௣൯ − ݔ൫ݐ௣൯ቁ + ൫ ௣݂ିߜݐ − ௣݂ାߜݐ൯ ≈ ߜݔ௣ି + ൫ ௣݂ି − ௣݂ା൯ߜݐ, (9)
where ߜݐ = ݐ௣̅ − ݐ௣ . According to the analytical conditions at switching point ℎሺݔሻ = 0 , we  
can get: 
ߜݐ = − ∇ℎߜݔ௣ି∇ℎ ௣݂ି . (10)
Form Eq. (9) and Eq. (10), we can get: 
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ߜݔ௣ା = ߜݔ௣ି + ൫ ௣݂ି − ௣݂ା൯ ߜݐ = ߜݔ௣ି + ൫ ௣݂ି − ௣݂ା൯ ቆ−
∇ℎߜݔ௣ି
∇ℎ ௣݂ି ቇ
       = ቆܫ + ൫ ௣݂ା − ௣݂ି൯∇ℎ∇ℎ ௣݂ି ቇ ߜݔ௣ି.
(11)
Then we can yield: 
ܵ = ܫ + ൫ ௣݂ା − ௣݂ି൯∇ℎ∇ℎ ௣݂ି , (12)
where, ௣݂± are the right-hand sides before and after crossing the switching boundary Σ, ∇ℎ is the 
normal to Σ. 
Based on the above analysis, the Floquet theory is introduced. According to Floquet theory, 
when the modulus of all the eigenvalues of Φ௧ are less than 1 (or all the eigenvalues of Φ௧ are 
within the unit circle) the system will be in stable periodic motion; when the modulus of any 
eigenvalue of Φ௧ is greater than 1 (or any eigenvalue of Φ௧ crosses the unit circle) the system will 
lose its stability. 
The system parameters are chosen as: ߞ = 0.024, ݇ଵ = 0.06, ݓ = 0.61, ௘݂ = 0.25. 
The change of the modulus of the largest eigenvalue and the evolution of all the eigenvalues 
are shown in Fig. 3. 
 
a) The change of the largest eigenvalue 
 
b) The evolution of the eigenvalues 
Fig. 3. The change of the eigenvalues 
As shown in Fig.3, when ௔݂௩ ≥ 0.079, |ܵ|୫ୟ୶ is less than 1, and all the eigenvalues are within 
the unit circle, so the system is in stable single periodic motion and the periodic solution is stable. 
When ௔݂௩ < 0.079, |ܵ|୫ୟ୶ is greater than 1, one of the eigenvalues jumps out the unit circle from 
–1, and the other one is still inside the unit circle, which implies the period doubling bifurcation 
occurs. 
4. Global dynamics analysis of gear pair system 
In order to demonstrate the global dynamic of gear system Eq. (5) and verify the conclusion 
above, the bifurcation diagram with the parameter ௔݂௩ varying is shown in Fig. 4. 
In the bifurcation diagram, when ௔݂௩ is in the interval [0.08, 0.15], the response is period-1 
motion. When ௔݂௩ is in the vicinity of 0.079, the period doubling bifurcation occurs. Then the 
system may enter chaos state through period doubling bifurcation, which are consistent with the 
Floquet method above. 
In order to demonstrate the transition process in detail, suppose ௔݂௩ = 0.08, 0.07, 0.064, 0.0624, 
0.05 respectively. The corresponding phase diagram and Poincare section are obtained as shown 
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in Fig. 5. 
By using the Floquet theory we can merely get the stability and bifurcation of periodic motions. 
For determining the chaos state, other effective method needs to be introduced. As the Lyapunov 
exponent spectrum is one of the most precise tools to determine the chaos state. Herein, the 
maximum Lyapunov exponent spectrum is presented in Fig. 6. 
 
Fig. 4. Bifurcation diagram 
From Fig. 6, we can deduce that when ௔݂௩ > 0.06, the maximum Lyapunov exponent are 
negative, which implies the system does not enter the chaos state. When ௔݂௩ ≤ 0.06, the maximum 
Lyapunov exponent are positive, which implies the system is under chaos state. By comparing the 
result with the bifurcation and Poincare sections, consistent conclusions can be obtained. 
Through the analysis above, a conclusion can be obtained as: under different external 
excitation, the existence of the backlash will produce the impact of the teeth, which will affect the 
stability of the gear transmission system. Specifically, with the decrease of external excitation, the 
system undergoes the period doubling bifurcation and finally enters chaos state. 
5. Time delay feedback control of gear pair system with backlash non-smooth characteristic 
According to the dynamic analysis of gear pair system above, it can be known that the  
periodic-݊ and chaotic motion will appeared under the external excitation. In order to control the 
dynamic behaviors of the non-smooth system, a time delay feedback is introduced in this section. 
The form of time delay feedback controller can be written as follows: 
ܨሺݐሻ = −ߚሾߤሺݐሻ − ߤሺݐ − ߬ሻሿ, (13)
where, ߚ is feedback gain and ߬ is time-delay. When ߤሺݐ − ߬ሻ = ߤሺݐሻ , ܨሺݐሻ is equal to 0 which 
indicates this perturbation does not change the structure of the original system. 
By adding the controller given by Eq. (13) to system Eq. (4), one may obtain the following 
system with time-delay feedback: 
ቐ
ߤሷ + 2ߞߤሶ + ݇ሺݐሻሺߤ − 1ሻ = ௔݂௩ + ௘݂ݓଶcosሺݓݐሻ − ߚሾߤሺݐሻ − ߤሺݐ − ߬ሻሿ, ߤ ≥ 1,
ߤሷ + 2ߞߤሶ = ௔݂௩ + ௘݂ݓଶcosሺݓݐሻ − ߚሾߤሺݐሻ − ߤሺݐ − ߬ሻሿ, −1 < ߤ < 1,
ߤሷ + 2ߞߤሶ + ݇ሺݐሻሺߤ + 1ሻ = ௔݂௩ + ௘݂ݓଶcosሺݓݐሻ − ߚሾߤሺݐሻ − ߤሺݐ − ߬ሻሿ, ߤ ≤ −1.
 (14)
When ߚ = 0, ߬ = 0, ௔݂௩ = 0.05, other parameters remain the same. In this case, the system is 
under chaos state. By adjusting the feedback gain ߚ and time delay ߬, the system can be controlled 
from chaotic state to desired stable state. Feedback gain ߚ and time delay ߬ are two parameters 
that can be controlled independently. 
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Fig. 5. Phase trajectory (-1), Poincare map (-2) for different ௔݂௩: ௔݂௩ = 0.08: a1) a2);  
௔݂௩ = 0.07: b1) b2); ௔݂௩ = 0.064: c1) c2); ௔݂௩ = 0.0624: d1) d2); ௔݂௩ = 0.05: e1) e2) 
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Firstly, the control effect of the feedback gain ߚ is analyzed. To analyze the control effect of 
the feedback gain on the gear pair system, the parameters are selected when the system is in chaotic 
motion. Chose ௔݂௩ = 0.05, ߬ = 0.45, other parameters remain the same. Then the bifurcation 
diagram with the feedback gain varying is obtained as shown in Fig. 7. It can be seen in Fig. 7 
that, with the increase of ߚ , the system in chaotic motion undergoes the period doubling 
bifurcation and it later becomes single stable periodic motion. 
 
Fig. 6. The maximum Lyapunov  
exponent spectrum 
 
Fig. 7. Bifurcation diagram of system:  
ߚ is varied from 0 to 0.5 
 
a1) a2) 
 
a3) 
b1) b2) 
 
b3) 
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Fig. 8. Phase trajectory (a1, b1, c1), Poincare map (a2, b2, c2), and power spectrum (a3, b3, c3)  
for different ߚ. (a1)-(a3) ߚ = 0.04; (b1)-(b3) ߚ = 0.3; (c1)-(c3) ߚ = 0.4 
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In order to demonstrate the transition process in detail, suppose ߚ = 0.04, 0.3, 0.4 respectively. 
The corresponding phase diagram, Poincare section, and power spectrum are obtained as shown 
in Fig. 8. 
Then, the control effect of the time delay ߬ is also analyzed. The parameters are selected when 
the system is in chaotic motion. Chose ௔݂௩ = 0.05, ߚ = 0.04, other parameters remain the same. 
Then the bifurcation diagram with the time delay varying is obtained as shown in Fig. 9. It can be 
seen in Fig. 9 that, with the increase of ߬, the system in chaotic motion undergoes the period 
doubling bifurcation and it later becomes single stable periodic motion. 
 
Fig. 9. Bifurcation diagram of system: ߬ is varied from 0 to 2.5 
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Fig. 10. Phase trajectory (a1, b1, c1), Poincare map (a2, b2, c2), and power spectrum (a3, b3, c3)  
for different ߬. (a1)-(a3) ߬ = 0.5; (b1)-(b3) ߬ = 1.2; (c1)-(c3) ߬ = 1.8 
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In order to demonstrate the transition process in detail, suppose ߬ = 0.5, 1.2, 1.8 respectively. 
The corresponding phase diagram and Poincare section are obtained as shown in Fig. 10. The 
simulation diagrams are described as shown in Table 1. Table 1 shows that by increasing the 
feedback gain ߚ or time delay ߬, the system can be effectively controlled from the chaotic state to 
periodic-1 motion. 
Table 1. Under different values of ߚ and ߬, the description  
of phase trajectory, Poincare section and power spectrum 
Control 
parameters 
Simulation 
diagrams Description of system motion 
ߚ = 0.04 Fig. 8(a1), (a2), (a3) The system is chaotic. It can be seen that the phase trajectory repeatedly winding in enclosed area but not closed, Poincare section 
are irregular scattered points set, and power spectrum is continuous. ߬ = 0.5 Fig. 10(a1), (a2), (a3) 
ߚ = 0.3 Fig. 8(b1), (b2), (b3) The system response is a stable period-2 motion. It can be seen that the phase trajectory for two closed curves, the Poincare map for two 
parallel lines, and the power spectrum are two obvious peak values. ߬ = 1.2 Fig. 10(b1), (b2), (b3) 
ߚ = 0.4 Fig. 8(c1), (c2), (c3) The system response is a period-1 motion. It can be seen that the phase trajectory for a closed curve. the Poincare map for a straight 
line, and the power spectrum has an obvious peak value. ߬ = 1.8 Fig. 10(c1), (c2), (c3) 
Through the research and realization of above control method, a conclusion can be obtained 
as: delay error as the control signal is fed back to the original system, and then by adjusting delay 
feedback gain and time delay the system can be controlled from the chaotic state to the stable 
periodic state. The control signal is a persistent excitation signal which can avoid the system being 
affected by the external environment as far as possible. This method does not need to know the 
accurate mode and the stable periodic orbit of the system. The result of simulation indicates the 
design of the controller is simple and easy to realize and it has strong adaptation. 
6. Conclusions 
In this paper, considering backlash, time-varying stiffness and static transmission error, the 
mechanical model of a gear pair system with backlash non-smooth characteristic is established 
according to the Newton’s law. In combination with the discontinuity mapping method, Floquet 
theory has been presented to determine the stability and bifurcation of periodic response, and the 
period doubling bifurcation has been accurately predicted which is conform to the bifurcation 
diagram. In addition, the maximum Lyapunov exponent spectrum has been obtained to determine 
the chaos state in gear pair system. By comparing it with the bifurcation diagram, phase diagram 
and Poincare section, consistent conclusions have been gained. Finally, a time delay feedback is 
introduced to control the dynamic behaviors of the system. The method uses the feedback error 
signal to stabilize the system to the desired orbit. Numerical simulation results show that 
increasing the delay feedback gain ߚ and time delay ߬ both can effectively control system from 
chaos to period-1 motion. 
The researches in this paper can not only make us have a better understanding of the 
non-smooth vibration, but also provide us with an effective control method to suppress the 
vibration in gear transmission system. In addition, the conclusions of this work have important 
practical value, which can guide us to choose reasonable system parameters in the actual project 
to avoid the non-smooth vibration which we do not expect. 
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